INTRODUCTION
Let F q be the finite field with q = p k elements. A polynomial f ∈ F q [x] is called a permutation polynomial E-mail: likangquan11@nudt.edu.cn, ljqu happy@hotmail.com, wang@math.carleton.ca. Corresponding author: Longjiang Qu finite fields attracts a lot of interest for many years due to their wide applications in coding theory [4, 10, 22] , cryptography [21] and combinatorial designs [5] . For example, interesting cycle codes from several classes of permutation monomials and trinomials are constructed by Ding in [4] . Moreover, a family of skew Hadamard difference sets via the Dickson permutation polynomial of order five are constructed by Ding and Yuan in [5] . The latter discovery disproved the longstanding conjecture on skew Hadamard difference sets. In 2011, Akbary, Ghioca and Wang [1] gave the following result, which is called AGW Criterion. (i) f is a bijection; and (ii) h is a bijection from S to S and f is injective on λ −1 (s) for each s ∈ S.
AGW Criterion can be represented by the following simple diagram.
The importance of the AGW Criterion depends on that it can be used not only to explain some previous constructions of PPs, but also to construct numerous new classes. For example, Akbary, Ghoica and Wang [1] applied their approach into different cases (i.e., multiplicative group case, elliptic curve case, additive group case) and obtained many interesting results. Furthermore, Yuan and Ding [26] obtained descriptions of some permutation polynomials with special forms, such as f (x) = g(B(x)) + r i=1 (L i (x) + δ i ) h i (B(x)), p(x) = f (x)g(λ(x)) and so on. More classes of PPs of the form L(x) + g(x q − x + δ) ∈ F q n [x], where L(x) is a linearized polynomial and g(x) q = g(x) were given in [27] . Recently, by employing the AGW Criterion two times, Zheng, Yuan and Pei [30] found a series of simple conditions for f (x) = (ax q + bx + c) r φ (ax q + bx + c)
to permute F q 2 . Readers can consult [8] for a recent survey on constructions of permutation polynomials.
Permutation trinomials over finite fields are in particular interesting for their simple algebraic forms and additional extraordinary properties. For instances, Dobbertin [7] proved that the power function x 2 m +3 on F 2 2m+1 is an APN function and the key of his proof was the discovery of a class of permutation trinomials.
The discovery of another class of permutation trinomials by Ball and Zieve [2] provided a way to prove the construction of the Ree-Tits symplectic spreads of PG(3, q). Hou [9] acquired a necessary and sufficient condition about determining a special permutation trinomial (ax+bx q +x 2q−1 over F q 2 ) through the Hermite
Criterion. In 2015, Ding et al. [6] , presented a few class of permutation trinomials over finite fields with even characteristic. Since then, there have been increasingly attention on constructing permutation trinomials over finite fields, in particular, over finite fields with even characteristic.
Recently, several authors [13, 14, 16, 17, 20, 29] constructed permutation trinomials of the form x r h x q−1 over F q 2 , where q = 2 k , h(x) = 1 + x s + x t and r, s, t, k > 0 are integers. The main methods they used were similar, depending on the following criterion about permutation polynomials of the form x r h x (q−1)/d over F q . In fact, the AGW Criterion is a generalization of the following lemma obtained by several authors [19, 24, 28] .
permutes F q if and only if both
According to Lemma 1.2, the problem of proving permutation trinomials f (x) = x r h x q−1 over F q 2 is transformed into that of showing g(x) = x r h(x) q−1 permutes µ q+1 . In this paper, g(x) is called as the corresponding fractional polynomials of f (x). Generally, verifying that g(x) permutes µ q+1 is also difficult.
However, when the degree is not high and the number of terms in the corresponding fractional polynomial g(x) is not large, this problem may be solved by proving that g(x) = g(y) for any x = y ∈ µ q+1 . For convenience, we call this method as the fractional approach. However, with the increment of the degree or the number of terms in the corresponding fractional polynomial, this problem becomes more difficult. Motivated by these constructions [6, 13-17, 20, 29] , we want to unify and generalize those results as widely as possible. In this paper, we characterize permutation polynomials of the form
is arbitrary, regardless of the value of characteristic of F q 2 . We also provide a general way to construct permutation polynomials of these forms and demonstrate our method by constructing many explicit classes of permutation polynomials. Let Tr denote the trace function from F q to F p and η be a quadratic character over F q throughout this paper. Let
The key point of our new method is the following commutative diagram which is based on the AGW Criterion.
We note that when q is even, {2, −2} ∪ S is actually {0} ∪ S. Here we employ the AGW criterion twice.
The first one is the application of Lemma 1.2, which reduces the permutation of F q 2 to a permutation of µ q+1 := {x ∈ F q 2 : x q+1 = 1}. On the basis of this, we use AGW criterion again, transforming the problem of determining whether g(x) = x r h(x) q−1 permutes µ q+1 into that of verifying whether a rational function R(x) (defined later) permutes a subset of F q . Our method is different from the fractional approach. Not only the size of subset that we consider is further reduced (from q + 1 to ⌈ q−1 2 ⌉), but also the subset can be contained in the subfield F q . We demonstrate that a permutation of such subset can be easily verified in many occasions. As consequences, we can reconstruct several known results easily and also construct many new explicit classes of permutation polynomials with more terms over F q 2 .
The remainder of this paper is organized as follows. In Section 2, we explain our method to characterize or to construct permutation polynomials of the form x r h x q−1 over F q 2 . Then we demonstrate our method by constructing many explicit classes of permutation polynomials in Section 3 and 4 respectively, when the characteristic of F q 2 is even and odd respectively. In the case of even characteristic, we reduce the problem into a problem of constructing rational functions
Tr(b) = 1}. In particular, if l(b) is a linearized polynomial, then the latter is equivalent to constructing rational functions L(b) = b + l(b) + l(b) 2 that permutes the subfield F q . In the case of odd characteristic, we focus on rational functions
, where η is a quadratic character over F q . Many explicit classes of permutation polynomials using simple choices of l(b)'s are constructed in both cases. In Section 5, we use this new method to derive several recent constructions of permutation trinomials over finite fields with even characteristic. It is quite interesting that most of the known classes of permutation trinomials in [6, 13, 14, 16, 20, 29] can be obtained in this way (see TABLE   V ). Finally Section 6 is the conclusion.
A NEW METHOD OF CONSTRUCTING PERMUTATION POLYNOMIALS OVER F q 2
Let q = p k , where p is a prime, and f (x) = x r h x q−1 ∈ F q [x] . In this section, we consider the permutation property of f (x) over F q 2 . According to Lemma 1.2, it suffices to consider whether g(x) permutes µ q+1 . For x ∈ µ q+1 \{1, −1}, let a = x + x q = x + x −1 ∈ F q and S := {a = x + x −1 : x ∈ µ q+1 \{1, −1}}. In the following, we determine the set S. On one hand, when charF q 2 = 2, we know that the equation x 2 + ax + 1 = 0 has no solution in F q since x ∈ µ q+1 \{1}. Due to the following lemma, we have that Tr On the other hand, when charF q 2 is odd, we know that the equation x 2 − ax + 1 = 0 has no solution in F q , neither. Then ∆ = a 2 − 4 is a nonsquare in F q , i.e., η a 2 − 4 = −1, where η(·) is the quadratic residue. Hence, we have
According to the diagram (2), for verifying the permutation property of g(x) over µ q+1 , the key point is to prove the permutation property of R(a) over S. But it is not trivial to obtain R(a) from g(x). We need the following algorithm to reduce the degree of h(x). Then we derive R(a) from h(x). 
Therefore, h 1 (a) = a + 1 and h 2 (a) = a in the case.
Let e ≥ 1 be an integer. It is trivial that x e + x −e can be expressed as a function of a, denoted by D e (a), through several iterations, where a = x + x −1 . We remark D e (a) is known as Dickson polynomial of the first kind. For example, D 3 (a) = a 3 − 3a. And for any e, it is clear that D e (2) = 2. The following result is the main theorem in this paper.
such that all coefficients of h(x) belong to F q and S be the set defined in (3) . Let a = x + x −1 . By Algorithm 2.2, we get h 1 (a) and h 2 (a) from h(x) = h 1 (a)x + h 2 (a).
Assume that
Then f (x) permutes F q 2 if and only if the following conditions hold simultaneously:
(ii) for the corresponding fractional polynomial g(x) = x r h(x) q−1 , g(x) = 1 has only one solution x = 1 in µ q+1 and g(x) = −1 has only one solution
Proof. Firstly, let us recall the following diagram.
According to Lemma 1.2, we know that f (x) = x r h x q−1 is a permutation polynomial over F q 2 if and only if gcd(r, q − 1) = 1 and g(x) = x r h(x) q−1 permutes µ q+1 .
(2) The reduction from µ q+1 to {2, −2} ∪ S.
It is clear that h(x) = 0 for any x ∈ µ q+1 if g(x) permutes µ q+1 . In the following, we claim that
. Firstly, we show that for x = 1, −1,
is odd. Now, we consider the case x ∈ µ q+1 \{1, −1}, i.e., a = x + x −1 ∈ S according to the definition of S. In fact,
which is R(a). Therefore, the above diagram is commutative.
Then according to the AGW Criterion, we have that g(x) permutes µ q+1 if and only if R(a) permutes {2, −2} ∪ S and for any a ∈ {2, −2} ∪ S, g(x) is injective on V a := {x ∈ µ q+1 : x + x q = a}. Since |V 2 | and |V −2 | are both 1, it suffices to prove that g(x) = g (x q ) for any x ∈ µ q+1 \{1, −1}. Actually,
Therefore, the condition that g(x) = g (x q ) for any x ∈ µ q+1 \{1, −1} is equivalent to that g(x) = 1 has only one solution x = 1 in µ q+1 and g(x) = −1 has only one solution x = −1 in µ q+1 . Therefore the proof is complete.
By Theorem 2.4, the problem of determining permutation polynomials over F q 2 is transformed into that of considering permutations over S, which is different from the fractional approach. Moreover, we can construct a lot of permutation polynomials of the form x r h x q−1 over F q 2 from R(a) which permutes S.
Therefore, given R(a), it is necessary to have an algorithm to obtain h(x), which is not trivial. Firstly, we consider how to obtain h(x) when we have h 1 (a) and h 2 (a). The method to obtain h 1 (a) and h 2 (a) will be introduced in Section 3 and Section 4 respectively depending on the parity of charF q 2 . First of all, we can obtain an original h(x) = h 1 (a)x + h 2 (a) according to the relationship a = x + x −1 . But what should be noticed is that the original h(x) may be divisible by x − x −1 , which means h(1) = 0, h(−1) = 0 and hence breaks Condition (iii) of Theorem 2.4. Therefore, after obtaining the original h(x), we repetitively compute h(x)
x−x −1 until the new h(x) satisfies that h(1) = 0 and h(−1) = 0.
Therefore, we obtain h(x) = x Remark 2.6. In fact, given R(a) which permutes S in Theorem 2.4, we can obtain h 1 (a), h 2 (a) first and then h(x) and f (x) as well. We summarize it in the following process of construction,
For distinct r > 0, "h(x), f (x)"s obtained from the same R(a) are generally different. However, we claim that the corresponding fractional polynomials "g(x)"s are the same due to the following commutative
On the other hand, permutation polynomials over F q 2 are equivalent if their corresponding fractional polynomials are same. The unique distinction is the condition of r, which satisfies (r, q − 1) = 1. Therefore, we can only consider the case r = 1 when we construct permutation polynomials over F q 2 from R(a) which permutes S.
and S be the set defined in (3) . By Algorithm 2.2, we get
.
Then f (x) permutes F q 2 if and only if the following conditions hold: (i) for the corresponding fractional polynomial
However, it may be difficult to consider the permutation property of R(a) over S in Corollary 2.7 in general. Hence, in this paper, we mainly focus on constructing permutation polynomials of the form xh x q−1 over F q 2 from some permutations of special forms over S.
THE CASE charF q 2 IS EVEN
In the present section, we consider the case where charF q 2 is even. In this case, S := {a ∈ F * q : Tr 1 a = 1}. In Corollary 2.7, we know that
and thus R(a) is a mapping from S to S as long as h 1 (a) + h 2 (a) = 0 for any a ∈ S.
In the following, we obtain the even characteristic case of Corollary 2.7. Then we construct some permutation polynomials over F q 2 from various permutations of simple forms, which mainly are monomials and linearized polynomials over S. Some of our results can explain a few known theorems.
Proof. We prove the result through verifying the conditions in Corollary 2.7.
(i) In the case, for x ∈ µ q+1 , the corresponding fractional polynomial
g(x) = 1 if and only if (h 1 (a) + h 2 (a)) (x + 1) = 0. Hence, g(x) = 1 has only one solution x = 1 if and only if h 1 (a) = h 2 (a) for any a ∈ S. Therefore, the condition (i) in Corollary 2.7 is equivalent to that h 1 (a) = h 2 (a) for any a ∈ S.
(ii) If there exists
q , we have
for any a ∈ S, we have x 0 = 1. Therefore, the second condition is equivalent to that of h(1) = 0.
(iii) is obvious because q is even.
As for Condition (3) in the above theorem, let b = 
,
is the same. Therefore, we may assume that τ (a) = 1, i.e., h 1 (a) = t 1 (a) and h 2 (a) = t 1 (a) + t 2 (a).
t2(a) , according to Remark 3.3, without loss of generality, we assume h 1 (a) = t 1 (a) and h 2 (a) = t 1 (a)+t 2 (a). Furthermore, we obtain h(x) by Algorithm 2.5 and we can construct some permutation polynomials of the form xh x q−1 over F q 2 from Theorem 3.1. As for Theorem 3.2, let ψ(a) = l 1 a . Then we can also construct permutation polynomials by the above method.
In the following, we apply Theorem 3.1 or 3.2 to specific cases, where ψ(a) and l(b) are monomials or linearized polynomials, obtaining some known permutation polynomials and new ones over F q 2 . Moreover, it seems that some of them cannot be proved easily by the previous approaches.
A. The case of monomials
In this subsection, we mainly consider the case where l(b) = b s and s is not the power of 2 such that L(b) permutes T in Theorem 3.2. Using Magma, we obtain some experimental results under the conditions where k is from 3 to 12 and s is not the power of 2, see TABLE I. Other than two sporadic cases (in italic), we generalize all of the remaining cases into infinite classes. In the following, we obtain five classes of permutations over T in TABLE I and thus construct several classes of permutation polynomials over F q 2 by our method. Before introducing the main results in the subsection, some lemmas are needed. 
, where ∆ ∈ F * q and Tr(∆) = 0.
After simplifying Eq. (4), we obtain
where u = From Lemma 3.6, we can construct the corresponding permutation polynomial, which is over F q 2 . In
Let h 1 (a) = a, h 2 (a) = a + 1 and
It is clear that h(x) satisfies the conditions (1) and (2) in Theorem 3.2. Therefore, f (x) = xh x q−1 = x x 2q−2 + x q−1 + x 1−q = x 2q−1 + x q + x q 2 −q+1 is a permutation polynomial over F q 2 . In this case, the
In fact, in [6] , Ding et al. proved that f (x) = x+x 2q−1 +x q 2 −q+1 , whose corresponding fractional polynomial is also
x 3 +x+1 , is a permutation over F q 2 , where q = 2 k , by a direct method and some skills. Moreover, in [29] , Zha et al. proved that the fractional polynomial g(x) =
x 3 +x+1 permutes µ q+1 through showing g(x) = γ has at most one solution in µ q+1 for any γ ∈ µ q+1 directly. Furthermore, they obtained two permutation trinomials (i.e., x 3 + x 2q+1 + x 3q and x 3 + x q+2 + x 3q ) over F q 2 . Therefore, by Lemma 3.6, we can obtain these known permutation trinomials in [6, 29] . By the way, Our proof seems to be easier than theirs.
Next, we obtain another result (s = −2 in Table I ). Before proving it, we give the following lemma. Proof. First of all, we have
where
Then P (x) has the same number of solutions in F q as P 1 (x). Next, we consider the equation
It is clear that y 0 = Therefore, according to Lemma 3.5, we know that P (x) has no solution in F q .
Proof. Let R(a) = Assume that there exist a, a + ∆ ∈ S such that R(a) = R(a + ∆), where ∆ ∈ F * q . Then
Let
Therefore, Eq. (7) is equivalent to P (x) = 0. According to Lemma 3.7, we can claim that Eq. (7) is impossible. Hence, R(a) permutes S.
In the above theorem, l(b) = 1 b 2 . Then h 1 (a) = a 2 and h 2 (a) = a 2 + 1. Moreover,
Therefore, f (x) = xh x q−1 = x x 3q−3 + x 2q−2 + x 1−q + x 2−2q + 1 = x 3q−2 + x 2q−1 + x q 2 −q+1 + x q 2 −2q+2 + x is a permutation polynomial over F q 2 . Hence, we have the following theorem.
In the above theorem, the corresponding fractional polynomial is
Recently, Li and Helleseth [16] proved the following permutation trinomial over F q 2 , where q = 2 k and k is even:
through proving the corresponding fractional polynomial
x 7 +x 2 +1 , i.e.,
x 5 +x 4 +x 2 +x+1 when k is even, permutes µ q+1 . 
Proof. We claim that L(b) permutes F q as follows. First of all, it is clear that gcd . Therefore, we obtain h(x) = x
according to Algorithm 2.5. Moreover,
Hence we obtain the following theorem.
Theorem 3.11. Let q = 2 k , k be odd and s =
has at most one solution in T for any c ∈ T .
Multiplying both sides of the above equation by b 2 , we get
Computing the sum of Eq. (8) Therefore, b 2 (c + 1) ∈ F q1 . Assume b 2 (c + 1) = u, where u ∈ F q1 . Since k is even, we have 1 ∈ T , which means c + 1 = 0 for any c ∈ T . Hence,
Raising Eq. (8) to a power of two and plugging the above powers of b's into it, we obtain .
That means Eq. (8) has at most one solution in T .
In Lemma 3.12, ψ(a) = l Moreover, according to Algorithm 2.5, the original
, and finally we obtain h(x) = x
Hence, we have the following theorem.
Theorem 3.13. Let q = 2 k , where k = 2m and
Finally, we give the last result in this subsection.
Lemma 3.14. Let q = 2 k , where k is even, T := {b ∈ F * q 2 : Tr(b) = 1} and s =
has at most one solution in T .
Raising Eq. (9) into its q-th power, we obtain
Computing (9) * d 3 + (10), we get d 3 = c q−1 . Hence, b = γc, where γ ∈ F * q . In fact,
Using the above lemma, we can obtain the following class of permutation polynomials similarly. 
In the following, we construct permutation polynomials f (x) = xh x q−1 over
2 is a permutation polynomial over F q , i.e., over T according to Lemma 3.16. Then
and we obtain h(x) = t−1
according to Algorithm 2.5. We raise f (x) to its square for ease of presentation. Then
where e(x) = t−1
In the following, we obtain some explicit permutation polynomials over F q 2 from specific permutations over T . The corresponding fractional polynomials have complicated formats and high-degree. Hence, it is normally difficult to obtain them by the fractional approach. However, we can prove them using this approach easily.
B.1 L(b) is a linearized monomial
In this subsection, we classify all cases where
is a monomial if and only if l(b) is one of the following cases:
, where
We divide the proof into two cases.
Therefore, in this case, we have
where α 0 ∈ F * q . As for the case (ii), firstly, we have
On the other hand,
. Therefore, in the case, we have
From Lemma 3.18, we can construct some explicit classes of permutation polynomials over F q 2 .
, is a permutation polynomial over F q 2 if one of the following conditions holds:
monomials under these conditions. Therefore, it is trivial that L(b) permutes F q . Furthermore, according to Theorem 3.17, we know that f (x) permutes F q 2 .
B.2 L(b) is a linearized binomial
In this subsection, we classify all cases where L(b) is a linearized binomial.
a binomial if and only if one of the following cases hold:
(ii) t = k − 1 and
, where 1 ≤ j ≤ t and
Since L(b) is a binomial, we have two cases:
As for the first case (i), we have
As for the second case (ii), we have
There are also two cases: (i) 1 + α 0 = 0 and
As for the first case, we can obtain
where α 0 ∈ F q \{0, 1}. As for the second case, we have
where α j ∈ F q \{0, 1}.
20
The following result is well known.
where e(x) = t−1 
Proof. The proof can be obtained by Theorem 3.2, Lemma 3.20 and Lemma 3.21. We omit the details here.
Actually, there are numerous classes of PPs that can be obtained from Theorem 3.22. We demonstrate one example in the following corollary.
Proof. In the Case (iii) of Theorem 3.22, t = 2, d = (t + 1, k) = 3 > 1, then we can obtain a class of permutation polynomial from this theorem after simplifying the conditions in Theorem 3.22.
B.3 L(b) is a linearized trinomial
In this subsection, we consider two cases such that L(b) is a linearized trinomial. In this lemma, l(b) = b 4 . The proof is clear so we omit all the details. Therefore, we can construct a class of permutation polynomial over F q 2 as follows.
Then f (x) is a permutation polynomial over F q 2 if and only if k ≡ 0 (mod 7).
Using the fractional approach to prove the above theorem, we have to prove the fractional polynomial
i.e.,
permutes µ q+1 , which seems to be pretty difficult.
In addition, let l(
and we have the following lemma, which is easy to prove.
According to the above lemma, we can construct a class of permutation polynomial over F q 2 .
Theorem 3.27. Let q = 2 k and f (x) = x 7q−5 + x 3q−1 + x q 2 −q+2 + x q 2 −5q+6 + x q 2 −7q+8 . Then f (x) is a permutation polynomial over F q 2 if and only if k ≡ 0 (mod 7).
In the above theorem, using the fractional approach, we should prove the fractional polynomial g(x) = x 16 + x 14 + x 10 + x 6 + x 2 x 14 + x 10 + x 6 + x 2 + 1 ,
permutes µ q+1 , which seems to be difficult, too. However, using our method, it can be proved easily.
THE CASE charF q 2 IS ODD
In this section, we consider the case where charF q 2 is odd. In this case, S := {a ∈ F * q : η a 2 − 4 = −1}, where η(·) is the quadratic character. By Corollary 2.7, we obtain
Hence R(a) is a mapping from S to S if h 2 1 (a)−h 2 2 (a) = 0 for any a ∈ S. Now we have the following result as a consequence of Theorem 2.4. We omit all the details because it suffices to verify all the conditions in Theorem 2.4, which is similar to Theorem 3.1.
Theorem 4.1. Let q = p k , p be an odd prime, S := {a ∈ F * q : η a 2 − 4 = −1} and
Then f (x) permutes F q 2 if and only if the following conditions hold:
(1) h(1) = 0 and h(−1) = 0; 
Given l(b) which permutes T , we can obtain ψ(a) = l a 2 − 4 . Assume h 1 (a), h 2 (a) = 0 for any a ∈ S.
Then we have
h2(a) . Furthermore, we have
The discriminant of the above equation is
Therefore, we hope that it is not difficult to obtain the square root of ∆ when we construct permutation polynomials from l(b) which permutes T . If we can obtain H(a) = t1(a) t2(a) , without loss of generality, we may assume h 1 (a) = t 1 (a) and h 2 (a) = t 2 (a). Furthermore, we can obtain h(x) according to Algorithm 2.5. In the following, we demonstrate the construction of some permutation polynomials over F q 2 from monomials l(b).
A. The case l(b) is a monomial
In this subsection, we mainly consider the case that l(b) = b s such that L(b) = bl(b) 2 permutes T in Theorem 4.2. Using Magma, we obtain some experiment results under the conditions where k is from 2 to 5 and p = 3, 5, 7, see TABLE II, III and IV, respectively. All experiment results in these tables can be explained by the following constructions of permutation trinomials. In the above theorem, f (x) = x r h x q−1 , where r = 1+l(q+1), i.e., 1, and h(x) = 1+x 3 +x −1 . Through Algorithm 2.2, we can obtain h 1 (a) = a 2 and h 2 (a) = 1 in the case. Furthermore, in Theorem 3.2, l(b) = h1( T are given in the third column, while the source of the proof (either by a lemma in this paper or a standard argument in Subsection B.3 of Section 3) is in the final column. Lastly, the symbol " − " means that these cases can not be easily explained by the new method up to now.
CONCLUSION
Motivated by several recent constructions of permutation trinomials over finite fields with even characteristic, in this paper, we present a new and general approach to constructing permutation polynomials of the form x r h x q−1 over F q 2 , where q = p k and h(x) ∈ F q [x] is arbitrary. We transform the problem of proving that f (x) = x r h x q−1 is a permutation polynomial over F q 2 into that of verifying that the corresponding rational function R(a) permutes S (Theorem 2.4). This provides a general way to construct permutation polynomials over F q 2 from these rational functions R(a) which permutes S. Because the fractional polynomials g(x) = x r h x q−1 obtained from the same R(a) are the same for different r's, 
g(x)
L(b)
